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Abstract
The windy postman problem is the NP-hard problem of ﬁnding the minimum cost of a tour traversing all edges of an undirected
graph, where the cost of an edge depends on the direction of traversal. Given an undirected graph G, we consider the polyhedron
O(G) induced by a linear programming relaxation of the windy postman problem. We say that G is windy postman perfect if O(G)
is integral. There exists a polynomial-time algorithm, based on the ellipsoid method, to solve the windy postman problem for the
class of windy postman perfect graphs. By considering a family of polyhedra related to O(G), we prove that series–parallel graphs
are windy postman perfect, therefore solving a conjecture of Win.
© 2007 Elsevier B.V. All rights reserved.
MSC: 05C75; 90C27; 90C57
Keywords: Windy postman problem; Series–parallel graphs; Integral polyhedra
1. Preliminaries
An undirected graph is a pair G = (V ,E), where V is a set of vertices and E is a set of edges. Each edge joins two
vertices called its ends. Two edges are parallel if they have the same ends. An edge is a loop if its two ends are equal.
Undirected graphs can have loops or parallel edges. A directed graph is a pair D = (V ,A) where V is a set of vertices
and A is a set of arcs. Each arc is oriented from one vertex, called its tail, to another, called its head. Two arcs are
parallel if they have the same tails and heads. An arc is a loop if its tail is equal to its head. Directed graphs can have
loops or parallel arcs. The associated directed graph of G is the directed graph G = (V ,E+ ∪ E−) obtained from the
undirected graph G by replacing each edge e ∈ E by two oppositely oriented arcs e+ ∈ E+ and e− ∈ E−.
For S ⊆ V we deﬁne G(S) to be the set of edges in G with one end in S and the other end in S¯, and G(S) to be the
set of arcs in G with tails in S and heads in S¯. If S contains only one vertex v then we write v and v¯ instead of S and S¯,
respectively. We say that e ∈ E crosses S if e ∈ G(S). We say that G is even if |G(v)| is even for all v ∈ V .
Let G = (V ,E) be an undirected graph and let e ∈ E. The deletion of e is the undirected graph G\e obtained
by deleting e from G. If e is a loop, the contraction of e is the undirected graph G/e = G\e. If e is not a loop, the
contraction of e is the undirected graph G/e obtained by deleting e from G and identifying its ends. If an undirected
graph H is isomorphic to an undirected graph obtained from G after a sequence of edge deletions, edge contractions,
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and isolated vertex deletions, we say that H is a minor of G. We say that a property P is closed under taking graph
minors if whenever G has property P then all minors of G also have property P.
We denote by Z, Q, and R the sets of integer, rational, and real numbers, respectively. If T is a set, x ∈ RT , and
S ⊆ T then x(S) denotes the sum∑s∈Sxs . Given a rational matrix A ∈ Qn×m and a vector b ∈ Qn, the polyhedron
determined by A and b is the set P(A, b)= {x ∈ Rm : Axb}. Given a vector c ∈ Rm and a real d ∈ R, the inequality
cxd is valid for a polyhedron P if it holds for all x ∈ P . A vector x ∈ P is an extreme point of P if and only if x is
not a convex combination of vectors in P \{x}. A polyhedron is pointed if it has at least one extreme point. A pointed
polyhedron is integral if all its extreme points have integer coordinates. Similarly, a pointed polyhedron is 1
k
-integral
if all its extreme points are integer multiples of 1
k
.
2. The windy postman problem
Let G = (V ,E) be an undirected graph and let G = (V ,E+ ∪ E−) be its associated directed graph. A walk of G
from v0 to vn is an ordered tuple W = (v0, e1, v1, . . . , vn−1, en, vn) where v0, v1, . . . , vn ∈ V and, for all 1 in,
ei ∈ E+ ∪ E− is oriented from vi−1 to vi . W is closed if v0 = vn.
A closed walk W of G is a windy postman tour of G if W contains all vertices in V and, for every e ∈ E, W contains at
least one of e+ or e−. Let c ∈ QE+∪E−+ be a vector of costs on the arcs of G and let W = (v0, e1, v1, . . . , vn−1, en, vn)
be a windy postman tour of G. We deﬁne the cost of W to be the sum of the costs of the arcs in W, that is, the sum
ce1 + ce2 + · · · + cen .
Given an undirected graph G and a vector c ∈ QE+∪E− , the windy postman problem consists of ﬁnding the minimum
cost of a windy postman tour of G. This problem was proposed by Minieka [8] and its decision version has been shown
to be NP-complete, even for planar inputs [7].
For each arc e ∈ E+ ∪ E−, let xe be the number of times e is traversed by a windy postman tour of G. If G is
connected, the following is an integer programming formulation of the windy postman problem due to Win [9,10]:
WPP(G, c) = min cx (1)
subject to
x(G(v¯)) − x(G(v)) = 0 for all v ∈ V , (2)
xe+ + xe−1 for all e ∈ E, (3)
xe+ , xe−0 for all e ∈ E, (4)
xe+ , xe− integral for all e ∈ E. (5)
Let P(G) be the convex hull of the feasible solutions to the integer program above, and let Q(G) be the set of feasible
solutions to its linear programming relaxation, obtained by deleting the integrality constraints (5). Observe that if G is
not connected then the windy postman problem has no solution. However, if G contains at least one edge thenP(G) and
Q(G) are not empty since xa =1 for all a ∈ E+ ∪E− is a feasible solution of the integer program above. Furthermore,
P(G) and Q(G) are pointed polyhedrons.
Theorem 1 (Win [9,10]). Every extreme point x of the polyhedron Q(G) has components whose values are either 12
or a nonnegative integer. Furthermore, Q(G) is integral if and only if G is even.
We can strengthen the linear programming relaxation of the windy postman problem by adding odd-cut constraints.
Let S ⊆ V be such that |G(S)| is odd. Then, in any windy postman tour of G, at least one element of G(S) must be
used more than once. Therefore, the inequalities
x(G(S)) + x(G(S¯)) |G(S)| + 1 for all S ⊆ V with odd |G(S)| (6)
are valid for P(G). Odd-cut constraints were introduced by Edmonds and Johnson [3] in their seminal study of the
matching problem.
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Fig. 1. Three undirected graphs with 13 -integral extreme points.
Let O(G) be the subset of Q(G) that satisﬁes the odd-cut constraints (6). We say that G is windy postman perfect if
the pointed polyhedron O(G) is integral. Equivalently, G is windy postman perfect if O(G) = P(G). Windy postman
perfect graphs were studied extensively byWin [9,10].Win and Grötschel [6] proved that there exists a polynomial-time
algorithm, based on the ellipsoid method, to solve the windy postman problem for the class of windy postman perfect
graphs. This is a consequence of the equivalence of optimization and separation [5] and the fact that all the constraints
(2)–(4) and (6) can be separated in polynomial time.
By Theorem 1, even graphs are windy postman perfect. Win [9] also proved that forests are windy postman perfect.
Windy postman perfection is not closed under taking graph minors: K5 is windy postman perfect, but O(K4) has
fractional extreme points. Nevertheless, Win found other graph operations that preserve windy postman perfection.
Let G = (V ,E) be an undirected graph and let e ∈ E. We can obtain an undirected graph from G by subdividing e,
that is, by replacing e with two new edges joining the ends of e to a new vertex. If an undirected graph H is isomorphic
to an undirected graph obtained from G by a (possibly empty) sequence of subdivisions of edges, then H is said to be
a subdivision of G.
Theorem 2 (Win [9]). Let G,G1,G2 be windy postman perfect graphs. Then:
(1) Any subdivision of G is windy postman perfect.
(2) If e ∈ E(G), then G/e is windy postman perfect.
(3) If e, f ∈ E(G) are parallel, then G\{e, f } is windy postman perfect.
(4) If v1 ∈ V (G1) and v2 ∈ V (G2), then the undirected graph G3 obtained by identifying the vertices v1 and v2 is
windy postman perfect.
An undirected graph G is series–parallel if G does not have K4 as a minor. Equivalently, G is series–parallel if G
does not have K4 as a subdivision [2]. We say that two edges e and f of G are in series if they have exactly one end v in
common and G(v) = {e, f }. A connected series–parallel undirected graph with at least three vertices has two edges
in parallel or in series [2].
We observe that the class of even undirected graphs is closed under each of the four operations described in Theorem
2, and that the same is true for the class of undirected forests. The class of series–parallel undirected graphs also has
this property and Win conjectured that they are also windy postman perfect [9]. We prove that a stronger statement is
true.
It is possible to verify, say using the polyhedral software package PORTA [1], that K3,3 is also windy postman
perfect. This example is interesting because K3,3 is neither even nor series–parallel, and it cannot be obtained from
these classes of graphs using the operations described in Theorem 2. Another interesting observation is that, although
the polyhedron Q(G) is always half-integral, this is not true in general for the polyhedron O(G). In Fig. 1, we show
some undirected graphs G for whichO(G) has 13 -integral extreme points. Using PORTA, we have veriﬁed for all simple
graphs G with at most six vertices that the extreme points of O(G) are 12 -integral or
1
3 -integral.
3. Windy postman ideal graphs
Let G= (V ,E) be an undirected graph, let l ∈ ZE+, and let b ∈ ZV with b(V )=0.We say that S ⊆ V is an odd set of
(G, l, b) if b(S)+ l(G(S)) is odd. If it is clear from the context we will simply say that S is odd. Let G= (V ,E+ ∪E−)
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be the associated directed graph of G, and letO(G, l, b) be the set of feasible solutions to the system of linear equalities
and inequalities
x(G(v¯)) − x(G(v)) = bv for all v ∈ V , (7)
xe+ + xe− le for all e ∈ E, (8)
x(G(S)) + x(G(S¯)) l(G(S)) + 1 for all odd S ⊆ V , (9)
xe+ , xe−0 for all e ∈ E. (10)
We say that G is windy postman ideal if the polyhedronO(G, l, b) is integral for all possible choices of l and b. Observe
that windy postman ideal graphs are windy postman perfect. We prove that the class of windy postman ideal graphs is
precisely the class of series–parallel graphs, proving Win’s conjecture as a consequence. In contrast to windy postman
perfection, windy postman ideality is closed under taking graph minors.
Theorem 3. Let G = (V ,E) be a windy postman ideal undirected graph, and let e ∈ E. Then G\e and G/e are also
windy postman ideal.
Proof. Let u, v be the ends of e. Let l′ ∈ ZE\e+ and let b′ ∈ ZV (G/e) with b′(V (G/e)) = 0. Let l ∈ ZE+ and b ∈ ZV
be deﬁned by lf = l′f for all f ∈ E\e and le = 0, and bw = b′w for all w ∈ V \{u, v}, bu = b′e, and bv = 0. Since G
is windy postman ideal, it follows that O(G, l, b) is integral. Since O(G/e, l′, b′) is the projection of O(G, l, b) onto
xe+ = 0 and xe− = 0, it follows that it is also integral. Hence, G/e is windy postman ideal.
Let l′ ∈ ZE\e+ and let b′ ∈ ZV with b′(V ) = 0. Deﬁne l ∈ ZE+ by lf = l′f for all f ∈ E\e and le = 0. Since G is
windy postman ideal, it follows that O(G, l, b′) is integral. Since O(G\e, l′, b′) is a face of O(G, l, b′), it follows that
it is also integral. Hence, G\e is windy postman ideal. 
Let x ∈ O(G, l, b) and let e ∈ E. We say that e is integral if both xe+ and xe− are integral, and we say that e is
fractional otherwise. We say that e is tight if xe+ + xe− = le. We say that an odd set S is tight if (9) holds with equality.
Lemma 4. Let G = (V ,E) be a minor minimal, nonwindy postman ideal undirected graph. Let b ∈ ZV and l ∈ ZE+
be such that O(G, l, b) is not integral, and let x be one of its fractional extreme points. If e ∈ E is integral, then
xe+ + xe− = le + 1.
Proof. Let e+ be oriented from u to v, and e− be oriented from v to u.
Assume ﬁrst that e is tight. Let H = G\e. Deﬁne the vectors x′ ∈ QE+∪E−\{e+,e−}+ , l′ ∈ ZE\e+ , and b′ ∈ ZV by
x′a = xa for all a ∈ E+ ∪ E−\{e+, e−}, l′h = lh for all h ∈ E\e, and
b′w =
{
bu − xe+ + xe− if w = u,
bv + xe+ − xe− if w = v,
bw otherwise.
(11)
Since H is windy postman ideal, x′ is fractional, and x′ ∈ O(H, l′, b′), it follows that there exist distinct vectors
y′, z′ ∈ O(H, l′, b′) such that x′ = 12 (y′ + z′). Deﬁne the vectors y, z ∈ QE
+∪E− by ya = y′a and za = z′a for all
a ∈ E+ ∪ E−\{e+, e−}, ye+ = ze+ = xe+ and ye− = ze− = xe− . Since (G, l, b) and (H, l′, b′) have the same odd sets,
it is easy to verify that y ∈ O(G, l, b), z ∈ O(G, l, b), y = z, and x = 12 (y + z), a contradiction to the choice of x.
Now assume that xe+ +xe− le +2. In this case we can also assume without loss of generality that xe+1. Observe
that edge e cannot cross any tight odd set S, otherwise we would obtain the contradiction
l(G(S)) + 1 = x(G(S)) + x(G(S¯)) l(G(S)) + 2. (12)
Let H = G/e, and deﬁne the vectors x′ ∈ QE+∪E−\{e+,e−}+ , l′ ∈ ZE\e+ and b′ ∈ ZV (H) by x′a = xa for all a ∈
E+ ∪E−\{e+, e−}, l′h = lh for all h ∈ E\e, b′w = bw for all w ∈ V \{u, v} and b′e = bu + bv . Since H is windy postman
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ideal, x′ is fractional, and x′ ∈ O(H, l′, b′), it follows that there exist distinct vectors y′, z′ ∈ O(H, l′, b′) such that
x′ = 12 (y′ + z′). We may choose y′, z′ so that ‖y′ − z′‖ is arbitrarily small. Deﬁne  to be equal to
1
2 (y
′(G(u¯)\e−) − y′(G(u)\e+) − z′(G(u¯)\e−) + z′(G(u)\e+)) (13)




xe+ +  if a = e+,





xe+ −  if a = e+,
xe− if a = e−,
z′a otherwise.
(14)
Observe that, by the choice of y′ and z′, || can be made as small as necessary to imply that y, z ∈ O(G, l, b). Together
with y = z and x = 12 (y + z) we obtain a contradiction to the choice of x. (We will use similar arguments in the proof
of Theorem 7 without further explanations.) 
The following two lemmas imply that we only need to consider 2-vertex-connected, and hence 2-edge-connected,
undirected graphs. We leave their straightforward proofs to the reader.
Lemma 5. Let G = (V ,E) be an undirected graph, and let G1, . . . ,Gk be its connected components. Let b ∈ ZV
and l ∈ ZE+. For every 1 ik, let bi and li be the restrictions of b and l to Gi . If O(Gi, li , bi) is integral for all
1 ik, then O(G, l, b) is also integral. Hence, G is windy postman ideal if and only if Gi is windy postman ideal for
all 1 ik.
Lemma 6. Let G = (V ,E) be an undirected graph with a cut vertex v, and let G1 = (V1, E1) and G2 = (V2, E2) be
a partition of G induced by v. Let b ∈ ZV and l ∈ ZE+. For i ∈ {1, 2}, let bi and li be the restrictions of b and l to
Gi , except b1v = b(V2) and b2v = b(V1). Then O(G, l, b) is integral if and only if O(G1, l1, b1) and O(G2, l2, b2) are
integral. Hence, G is windy postman ideal if and only if G1 and G2 are also windy postman ideal.
4. Main result
Now we state and prove our characterization of windy postman ideal graphs.
Theorem 7. An undirected graph G is windy postman ideal if and only if G is series–parallel.
Proof. SinceO(K4) is not integral, it follows that windy postman ideal graphs must be series–parallel. LetG= (V ,E)
be a minor minimal, nonwindy postman ideal series–parallel graph. By Lemmas 5 and 6, we can assume that G is
2-vertex-connected. It is easy to verify that all series–parallel graphs with at most two vertices are windy postman ideal.
Hence, we can assume that G has two edges in parallel or two edges in series. Let G= (V ,E+ ∪E+) be the associated
directed graph of G, let l ∈ ZE+, and let b ∈ ZV with b(V )=0. For a contradiction, assume that x is a fractional extreme
point of O(G, l, b).
Parallel case:Assume ﬁrst that G has two parallel edges e and f, with ends u and v. LetH = (V , F ) be the undirected
graph obtained from G by replacing edges e and f by a single edge g, and let H = (V , F+ ∪ F−) be its associated
directed graph. We can assume that e+, f+, and g+ are oriented from u to v, that e−, f−, and g− are oriented from v
to u, and that all other arcs of G and H are oriented consistently. Deﬁne l′ ∈ ZF+ by l′h = lh if h = g, and l′g = le + lf .
Deﬁne x′ ∈ QF+∪F−+ by x′a = xa if a /∈ {g+, g−}, x′g+ = xe+ + xf+ , and x′g− = xe− + xf− , and observe that
x′ ∈ O(H, l′, b). Assume ﬁrst that x′ is integral. Then xa is integral for all a /∈ {e+, e−, f+, f−}, xe+ is integral if and
only if xf+ is integral, and xe− is integral if and only if xf− is integral. Since x is fractional, we can assume without
loss of generality that xe+ and xf+ are fractional. Hence xe+ > 0 and xf+ > 0.
Case P1: Assume that xe− is integral. In this case xf− must also be integral. Since xe+ and xf+ are fractional,
it follows that neither e nor f is tight. Let  = min{xe+ , xf+ , xe+ + xe− − le, xf+ + xf− − lf }> 0, and deﬁne the
F.J. Zaragoza Martínez / Discrete Mathematics 308 (2008) 1366–1374 1371




xe+ +  if a = e+,





xe+ −  if a = e+,
xf+ +  if a = f+,
xa otherwise.
(15)
Note that y = z and x= 12 (y+z). Since (G, l, b) and (H, l′, b) have the same odd sets, it follows that y, z ∈ O(G, l, b),
contradicting the choice of x.
Case P2: Assume that xe− is fractional. In this case xf− must also be fractional. Hence xe− > 0 and xf− > 0. Let




xa +  if a ∈ {e+, f−},





xa −  if a ∈ {e+, f−},
xa +  if a ∈ {e−, f+},
xa otherwise.
(16)
Note that y = z and x= 12 (y+z). Since (G, l, b) and (H, l′, b) have the same odd sets, it follows that y, z ∈ O(G, l, b),
contradicting the choice of x.
Since we get contradictions in both cases, it follows that x′ is fractional. Since H has fewer edges than G, it follows
that O(H, l′, b) is integral. Hence, there exist distinct vectors y′, z′ ∈ O(H, l′, b) such that x′ = 12 (y′ + z′). We may
choose y′, z′ so that ‖y′ − z′‖ is arbitrarily small.
Case P3: Assume that neither e nor f is tight. If both xe+ and xf+ are positive, or both xe− and xf− are positive, we
can obtain a contradiction in a similar way to Case P1. Hence, we may assume, by interchanging e and f if necessary,





g+ if a = e+,
y′
g− if a = f−,






g+ if a = e+,
z′
g− if a = f−,
0 if a ∈ {e−, f+},
z′a otherwise.
(17)
Note that y = z and x = 12 (y + z). Since (G, l, b) and (H, l′, b) have the same odd sets and since ‖y′ − z′‖ can be
made arbitrarily small, it follows that y, z ∈ O(G, l, b), contradicting the choice of x.
Case P4: Hence, we can assume without loss of generality that e is tight. If all of xe+ , xe− , xf+ , and xf− are positive,
we can obtain a contradiction in a similar way to Case P2. Hence, we can assume that at least one of xe+ , xe− , xf+ , or
xf− is zero. If xe− = 0, we contradict Lemma 4. Hence, we can assume that xe+ > 0, xe− > 0, xf+ > lf , and xf− = 0.




le − y′g− if a = e+,
y′
g− if a = e−,
y′
g+ + y′g− − le if a = f+,





le − z′g− if a = e+,
z′
g− if a = e−,
z′
g+ + z′g− − le if a = f+,
0 if a = f−,
z′a otherwise.
(18)
Note that y = z and x = 12 (y + z). Since (G, l, b) and (H, l′, b) have the same odd sets and since ‖y′ − z′‖ can be
made arbitrarily small, it follows that y, z ∈ O(G, l, b), contradicting the choice of x.
Series case: Now assume that G has two edges e and f in series, with ends u and v, and v and w, respectively.Assume
ﬁrst that all edges in E\e are integral, and e is fractional. By Lemma 4, xg+ + xg− = lg + 1 for all g ∈ E\e. Since e is
fractional, but xe+ −xe− =bv −xf− +xf+ is integral, it follows that xe+ > 0 and xe− > 0. Since G is 2-edge-connected,
it follows that every set S crossed by e contains at least one integral edge. If e is not tight then (8) and (9) are satisﬁed
strictly and hence we could decrease xe+ and xe− in order to obtain a feasible solution that satisﬁes an additional
inequality with equality. Therefore e must be tight. Furthermore, our assumptions imply that
xe+ = 12 (le + lf + bv + 1) − xf− and xe− = 12 (le + lf − bv + 1) − xf+ (19)
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and hence le+lf +bv must be even (otherwise ewould be integral). LetC ⊆ E be the edge set of a cycle containing e.We
assume without loss of generality that, for each edge g ∈ C\e, the arc g+ satisﬁes xg+1. We say that g+ ∈ C+\e+





xe+ + 12 if a = e+,
xe− − 12 if a = e−,
xa + 1 if a is forward,





xe+ − 12 if a = e+,
xe− + 12 if a = e−,
xa − 1 if a is forward,
xa + 1 if a is backward,
xa otherwise.
(20)
Note that y and z satisfy all the constraints (7), (8) and (9). Since y and z are integral, it follows that they satisfy the
odd-cut constraints (9). Hence, y, z ∈ O(G, l, b), y = z, and x = 12 (y + z), contradicting the choice of x.
Therefore, there are fractional edges in E\e and in E\f . Similarly, we obtain a contradiction if we assume that the
only two fractional edges are e and f. Hence, there are fractional edges in E\{e, f }. LetSe be the set of all odd sets
crossed by e, and let
se = min
S∈Se
x(G(S)) + x(G(S¯)) − l(G(S)) − 1. (21)
We deﬁneSf and sf in a similar way.We assume without loss of generality that sesf . The rest of the proof is divided
into ﬁve main cases.
Case S1: Assume that sesf > 0. In this case, neither e nor f crosses a tight odd set. Let H = (V \{u,w}, F ) be
obtained from G by contracting e and f and let H be its associated directed graph. Deﬁne the vectors x′ ∈ QF+∪F−+ ,
l′ ∈ ZF+ and b′ ∈ ZV \{u,w} by x′a = xa for all a ∈ F+ ∪ F−, l′h = lh for all h ∈ F , b′t = bt for all t ∈ V \{u, v,w} and
b′v = bu + bv + bw. Since H is windy postman ideal, x′ is fractional, and x′ ∈ O(H, l′, b′), it follows that there exist
distinct vectors y′, z′ ∈ O(H, l′, b′) such that x′ = 12 (y′ + z′). We may choose y′, z′ so that ‖y′ − z′‖ is arbitrarily
small. Deﬁne  to be equal to
1
2 (y
′(G(u¯)\e−) − y′(G(u)\e+) − z′(G(u¯)\e−) + z′(G(u)\e+)). (22)
Deﬁne the vectors y, z ∈ QE+∪E− as follows: For all a ∈ F+ ∪ F−, let ya = y′a and za = z′a . If xe− = 0, then
ye+ = xe+ + , ze+ = xe+ − , and ye− = ze− = 0. If xe+ = 0, then ye− = xe− − , ze− = ze− + , and ye+ = ze+ = 0.
Otherwise, ye+ = xe+ + 12, ye− = xe− − 12, ze+ = xe+ − 12, and ze− = xe− + 12. Deﬁne yf+ , yf− , zf+ , and zf−
in a similar way. Using that ‖y′ − z′‖ can be made arbitrarily small, we can show that y, z ∈ O(G, l, b), y = z, and
x = 12 (y + z), contradicting the choice of x.
Case S2:Assume that se > sf =0. In this case, e does not cross any tight odd set, but f does. This case can be handled
in a similar way to Case S1, except that we use H = G/e.
Hence, we can assume that se = sf =0, that is, both e and f cross tight odd sets.We assume without loss of generality
that xe+ + xe− − lexf+ + xf− − lf .
Case S3:Assume that {v} is even. Since e crosses the odd set S if and only if f crosses the odd set S
v, it follows that
xe+ + xe− − le = xf+ + xf− − lf . We assume without loss of generality that min{xe+ , xe− , xf+ , xf−} ∈ {xf+ , xf−}.
Assume ﬁrst that this minimum is positive. Let H =G/e, and let H be its associated directed graph. Deﬁne the vectors
x′ ∈ QE+∪E−\{e+,e−}+ , l′ ∈ ZE\e+ and b′ ∈ ZV (H) by x′a = xa for all a ∈ E+ ∪ E−\{e+, e−}, l′h = lh for all h ∈ E\e,
b′e = bu + bv , and b′t = bt for all t ∈ V (H)\e. Since H is windy postman ideal, x′ is fractional, and x′ ∈ O(H, l′, b′),
it follows that there exist distinct vectors y′, z′ ∈ O(H, l′, b′) such that x′ = 12 (y′ + z′). We may choose y′, z′ so that





xe+ +  if a = e+,





xe+ −  if a = e+,
xe− −  if a = e−,
z′a otherwise.
(23)
Using that ‖y′ − z′‖ can be made arbitrarily small, we can show that y, z ∈ O(G, l, b), y = z, and x = 12 (y + z),
contradicting the choice of x.
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Without loss of generality, we can now assume that xf− = 0. If xe+ > 0, then the above construction works (observe
that  = 0). Hence, we can assume that xe+ = 0. Since xe− + xf+ = −bv and xe− − xf+ = le − lf , it follows that
xe− = 12 (le − lf − bv) and xf+ = 12 (lf − le − bv). Since bv + le + lf is even, it follows that both xe− and xf+ are
integral. By Lemma 4, xe− = le + 1, xf+ = lf + 1, and bv = −(le + lf + 2). But then the above construction works
again (observe that  =  = 0).
Hence, we can assume that {v} is odd. Let tv = xe+ + xe− + xf+ + xf− − le − lf − 1. LetTe be the set of all odd
sets crossed by e, except for {v} and its complement, let
te = min
T ∈Te
x(G(T )) + x(G(T¯ )) − l(G(T )) − 1 (24)
and let Te ∈Te achieve this minimum. DeﬁneTf , tf , and Tf in a similar way. Since both e and f cross tight odd sets,
it follows that either tv = 0, or tv > 0 and te = tf = 0.
Case S4: Assume that tv = 0. Let H = G/e, and let H be its associated directed graph. Deﬁne the vectors x′ ∈
Q
E+∪E−\{e+,e−}
+ , l′ ∈ ZE\e+ andb′ ∈ ZV (H) byx′a=xa for alla ∈ E+∪E−\{e+, e−}, l′h=lh for allh ∈ E\e, b′e=bu+bv ,
and b′t = bt for all t ∈ V (H)\e. Since H is windy postman ideal, x′ is fractional, and x′ ∈ O(H, l′, b′), it follows that
there exist distinct vectors y′, z′ ∈ O(H, l′, b′) such that x′ = 12 (y′ + z′). We may choose y′, z′ so that ‖y′ − z′‖ is





xe+ +  if a = e+,





xe+ −  if a = e+,
xe− −  if a = e−,
z′a otherwise.
(25)
Using that ‖y′ − z′‖ can be made arbitrarily small, we can show that y, z ∈ O(G, l, b), y = z, and x = 12 (y + z),
contradicting the choice of x.
Case S5: Assume that tv > 0 and te = tf = 0. Let H = (V \{u,w}, F ) be obtained from contracting e and f in G,
and let H be its associated directed graph. Deﬁne the vectors x′ ∈ QF+∪F−+ , l′ ∈ ZF+ and b′ ∈ ZV \{u,w} by x′a = xa
for all a ∈ F+ ∪ F−, l′h = lh for all h ∈ F , b′t = bt for all t ∈ V \{u, v,w} and b′v = bu + bv + bw. Since H is windy
postman ideal, x′ is fractional, and x′ ∈ O(H, l′, b′), it follows that there exist distinct vectors y′, z′ ∈ O(H, l′, b′)
such that x′ = 12 (y′ + z′). We may choose y′, z′ so that ‖y′ − z′‖ is arbitrarily small. Deﬁne the vectors y, z ∈ QE
+∪E−
by ya = y′a and za = z′a for all a ∈ F+ ∪ F−, and, for all a ∈ {e+, e−, f+, f−}, let ya and za be the unique solutions
to the system of linear equations
ye+ + ze+ = 2xe+ , (26)
ye− + ze− = 2xe− , (27)
yf+ + zf+ = 2xf+ , (28)
yf− + zf− = 2xf− , (29)
y(G(u¯)) − y(G(u)) = bu, (30)
y(G(w¯)) − y(G(w)) = bw, (31)
y(G(Te)) + y(G(T¯e)) = l(G(Te)) + 1, (32)
y(G(Tf )) + y(G(T¯f )) = l(G(Tf )) + 1. (33)
Using that ‖y′ − z′‖ can be made arbitrarily small, we can show that y, z ∈ O(G, l, b), y = z, and x = 12 (y + z), a last
contradiction to the choice of x. 
5. Conclusions
Recall that if G = (V ,E) is not series–parallel, then it contains a subdivision K = (W, F ) of K4. Deﬁne the vector
l ∈ ZE+ by le = 1 if e ∈ F , and le = 0 otherwise. Since O(K4) is not an integral polyhedron, it follows that O(G, l, 0)
is also not an integral polyhedron.
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Corollary 8. LetG=(V ,E) be an undirected graph. Then G is series–parallel if and only if the polyhedronO(G, l, 0)
is integral for all l ∈ {0, 1}E .
We also obtain Win’s conjecture as an easy corollary.
Corollary 9. If G is an undirected series–parallel graph, then G is windy postman perfect.
Since the mixed postman problem can be seen as a special case of the windy postman problem, it also has a
polynomial-time algorithm for the class of series–parallel graphs, a result obtained in [4] using dynamic programming.
We have not found yet a similar algorithm for the windy postman problem.
Using Theorems 1, 2 and 7, we can extend the class of undirected graphs known to be windy postman perfect.
Theorem 10. Let F be the class of undirected graphs constructed as follows:
(1) All graphs whose connected components are even, series–parallel, or K3,3 are in F.
(2) Any graph obtained from graphs in F by performing any of the operations described in the statement of Theorem
2 is in F.
Then every undirected graph in F is windy postman perfect.
It would be interesting to know whether there are any other classes of windy postman perfect graphs.We ask whether
the graphs in Fig. 1 are the only forbiddenminors for half-integrality ofO(G, l, b). Finally, we are interested in studying
other possible characterizations of integrality of the polyhedronO(G, l, b) for graphs satisfying properties weaker than
windy postman ideality.
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